Abstract. In this note we study the ascending chain conditions on principal left (resp. right) ideals of the skew polynomial ring R[x; α, δ]. We give a characterization of skew polynomial rings R[x; α, δ] that are domains and satisfy the ascending chain condition on principal left (resp. right) ideals. We also prove that if R is an α-rigid ring that satisfies the ascending chain condition on right annihilators and ascending chain condition on principal right (resp. left) ideals, then the skew polynomial ring R[x; α, δ] and skew power series ring R [[x; α]] also satisfy the ascending chain condition on principal right (resp. left) ideals.
Introduction
Throughout this paper R denotes an associative ring with unity, α is a ring endomorphism and δ an α-derivation of R, that is, δ is an additive map such that δ(ab) = δ(a)b + α(a)δ(b), for all a, b ∈ R. We denote by R[x; α, δ] the Ore extension (the skew polynomial ring) whose elements are the left polynomials n i=0 a i x i with a i ∈ R, the addition is defined as usual and the multiplication subject to the relation xa = α(a)x + δ(a) for any a ∈ R. The skew power series ring, whose elements are the series ∞ i=0 a i x i with a i ∈ R, is denoted by R [[x; α] ]. The addition in the ring R [[x; α] ] is defined as usual and the multiplication subject to the relation xa = α(a)x for any a ∈ R.
A ring R satisfies the ascending chain condition for principal left (resp. right) ideals (ACCPL (resp. ACCPR)), if there does not exist an infinite strictly ascending chain of principal left (resp. right) ideals of R. We say that R is an ACCPL-ring (resp. ACCPR-ring) if R satisfies ACCPL (resp. ACCPR). If a domain R satisfies ACCPL (resp. ACCPR) we say that R is an ACCPL-domain (resp. ACCPRdomain). Clearly every left (resp. right) noetherian ring satisfies ACCPL (resp. ACCPR). Also by Jonah's Theorem [9] , every left perfect ring satisfies ACCPL. In the commutative ring theory the ascending chain condition on principal ideals 0 This research was in part supported by a grant from IPM (No. 92170419).
(ACCP) is very important for studies of factorization. Several authors studied the passing of ACCP to the polynomial ring and power series ring. It is well known and easy to see that if R is a commutative domain satisfying ACCP, then for any family X of indeterminates, the polynomial ring R[X] and power series ring R[[X]] also satisfy ACCP. Heinzer and Lantz in [7] and Frohn in [4] , gave examples to show that ACCP does not rise to the polynomial ring and power series ring in general. Frohn in [5, Theorem 4.1] showed that, if a ring R satisfies ACCP and R[X] has acc on annihilator ideals, then R[X] also satisfies ACCP. The ascending chain condition on principal right (resp. left) ideals has been studied in the noncommutative ring theory, in a number of papers, for example, [1] , [6] and [13] . Recently Mazurek and Ziembowski in [11] studied the ascending chain condition on principal left (resp. right) ideals of skew generalized power series rings. In this paper we study this property for the skew polynomial ring R[x; α, δ] and skew power series ring R[[x; α]]. First we show that R[x; α, δ] is a domain satisfying the ascending chain condition on principal left ideals and α is injective if and only if R[x; α] is a domain satisfying the ascending chain condition on principal left ideals if and only if R[[x; α]] is a domain satisfying the ascending chain condition on principal left ideals if and only if R is a domain, R satisfies the ascending chain condition on principal left ideals and α is injective. We also show that if R is an ACCPR-domain and α is injective and preserves nonunit elements of R, then R[x; α, δ] is an ACCPR-domain. A commutative domain R is said to be archimedean if n≥1 a n R = 0 for each nonunit element a of R. It is well-known that any domain satisfying ACCP is archimedean, but the converse is not true (for more details see [3] is a left archimedean domain if and only if R is a left archimedean domain and α is injective. Also we prove that if R is a right archimedean domain and α is injective and preserves nonunit elements of R, then R[x; α, δ] is a right archimedean domain. In section 3, we study the ACCPR (resp. ACCPL) property for the skew polynomial ring R[x; α, δ] and skew power series ring R[[x; α]] in the case R is not a domain. We show that if R satisfies the ascending chain condition on principal right (resp. left) ideals, R has acc on right annihilators and α is a rigid automorphism (i.e., for each a ∈ R, aα(a) = 0 implies a = 0) of R then R[x; α, δ] and R[[x; α]] satisfy the ascending chain condition on principal right (resp. left) ideals. A commutative ring R is called présimplifiable (for more details see [2] ) if for each a, b ∈ R, ab = a implies a = 0 or b is a unit. A présimplifiable ring is a ring with zero divisors which is nearly an integral domain. We show that for a présimplifiable ring 
Skew polynomial rings that are ACCPL-domains
In this section we study when the skew polynomial ring R[x; α, δ] and skew power series ring R[[x; α]] are ACCPL-domains (resp. ACCPR-domains). We denote the set of unit elements of a ring R by U (R). (1) R satisfies ACCPL.
(2) For any sequences (a n ) n∈N , (b n ) n∈N of nonzero elements of R such that a n = b n a n+1 for all n ∈ N, there exists m ∈ N with b n ∈ U (R) for all n ≥ m.
(3) For any sequences (a n ) n∈N , (b n ) n∈N of nonzero elements of R such that a n = b n a n+1 for all n ∈ N, there exists m ∈ N with b m ∈ U (R).
(4) n∈N r 1 r 2 · · · r n R = 0 for any sequence (r n ) n∈N of nonunits of R. The degree of a polynomial f ∈ R[x; α, δ] will be denoted by deg(f ) and the leading coefficient of f will be denoted by l(f ). Theorem 2.3. Let R be a ring, α an endomorphism of the ring R and δ an α-derivation of R. Then the following are equivalent:
(1) R[x; α, δ] is an ACCPL-domain and α is injective.
R is an ACCPL-domain and α is injective.
Assume that R is an ACCPL-domain and α is injective. It is easy to see that S = R[x; α, δ] is a domain. Let (f n ) n∈N , (g n ) n∈N be any sequences of nonzero elements of S with f n = g n f n+1 for each n ∈ N. Since S is a domain and α is injective, deg(
If for each n > m, deg(g n ) = 0 then by the same argument as above there exists m > m such that g m ∈ U (R) and the result follows. So we can assume that there exists a sequence of positive integers n 1 < n 2 < n 3 < · · · , such that for each positive integer i, deg(g ni ) = 0. Thus we
Then there exists a positive integer t such that for each n ≥ t, deg(f n ) = 0. Thus for each n ≥ t, f n , g n ∈ R and so there exists m > t such that g m ∈ U (R) and the result follows.
The proof is similar to that of the proof (1) ⇔ (4).
We will say that an endomorphism α of a ring R preserves nonunit elements of
Theorem 2.4. Let R be a ring, α an endomorphism of the ring R and δ an α-derivation of R. If R is an ACCPR-domain and α is injective and preserves nonunit elements of R, then R[x; α, δ] is an ACCPR-domain.
A,B
Proof. It is easy to see that S = R[x; α, δ] is a domain. Let (f n ) n∈N , (g n ) n∈N be any sequences of nonzero element of S with f n = f n+1 g n for each n ∈ N. Since S is a domain and α is injective, deg(
Since R is an ACCPR-domain, there exists m ∈ N such that α t (g m ) ∈ U (R), by the right-sided version of Proposition 2.1. Since α preserves nonunit elements of R, g m ∈ U (R) and thus g m ∈ U (S). Now assume that there exists n ∈ N such that deg(g n ) = 0. By a similar argument as in the proof of Theorem 2.3 we can see that g m ∈ U (S) for some m ∈ N. Hence the right-sided version of Proposition 2.1 implies that S is an ACCPR-domain.
Note that if R[x; α, δ] is an ACCPR-domain then by Corollary 2.2 R is an ACCPR-domain. But we do not know whether α preserves nonunit elements of R and α is injective in this case.
Theorem 2.5. Let R be a ring and α an endomorphism of the ring R. Then the following are equivalent:
(
R is an ACCPR-domain and α is injective and preserves nonunit elements of R.
, the right-sided version of Corollary 2.2 implies that R is an ACCPRdomain. Moreover, if a ∈ R and α(a) = 0, then in the domain S we have xa = 0. Hence a = 0, which shows that α is injective. Suppose that α(r) ∈ U (R) for some r ∈ R\U (R). For each n ∈ N, let f n = (α(r))
−n x. Then for each n ∈ N, f n = f n+1 r and so by using right-sided version of Proposition 2.1, r ∈ U (R), a contradiction. The equivalence (2) ⇔ (3) was proved in [11, Corollary 3.4(ii)], whereas the implication (3) ⇒ (1) is an immediate consequence of Theorem 2.4.
Corollary 2.6. Let R be a ring, α an endomorphism of the ring R and δ an inner α-derivation of R. Then R[x; α, δ] is an ACCPR-domain if and only if R is an ACCPR-domain and α is injective and preserves nonunit elements of R.
ACCPR-domain) if and only if R is an ACCPL-domain (resp. ACCPR-domain).
A domain R is said to be left (resp. right) archimedean if n≥1 a n R = 0 ( n≥1 Ra n = 0) for each nonunit element a of R. By Proposition 2.1, any ACCPLdomain (resp. ACCPR-domain) is left (resp. right) archimedean, but the converse is not true in general (for more details see [3] ).
We denote by π(f ) the smallest i ≥ 0 such that f i = 0.
Theorem 2.9. Let R be a ring and α an endomorphism of the ring R. Then the following are equivalent:
R is a right archimedean domain and α is injective and preserves nonunit elements of R.
Proof. (1) ⇒ (3) Assume that S = R[x; α] is a right archimedean domain. It is easy to see that R is domain and α is injective. Let a be a nonunit element of R and b ∈ n≥1 Ra n . Then b ∈ n≥1 Sa n and so b = 0. Thus R is a right archimedean domain. Suppose that α(r) ∈ U (R) for some r ∈ R\U (R). For each n ∈ N, let f n = (α(r))
−n x, then f n ∈ S and f n r n = x. So x ∈ n≥1 Sr n , a contradiction. 
Then, for each n ∈ N, there exists
Since f is nonunit, f 0 is nonunit and so α m (f 0 ) is nonunit. Thus g m = 0 and so g = 0, a contradiction. If π(f ) = 0, then for each n ∈ N, m = π(h n ) + nπ(f ). Thus g = 0, a contradiction. Proof. The proof is similar to the proof of Theorems 2.8 and 2.9.
. Then S is a right (resp. left) archimedean domain if and only if R is a right (resp. left) archimedean domain. An endomorphism α of a ring R is called a rigid endomorphism if rα(r) = 0 implies r = 0 for each r ∈ R. A ring R is called α-rigid if there exists a rigid endomorphism α of ring R (for more details see [10] ). Note that each α-rigid ring R is reduced (i.e. has no nonzero nilpotent element). α-rigid rings are characterized in the following. We need the following lemma in the sequel. Lemma 3.3. Let I be an ideal of a ring R. If R is an ACCPL (resp. ACCPR) ring, then R/I is an ACCPL (resp. ACCPR) ring.
ACCPL skew polynomial rings which are not domains
Let A be a subset of ring R. The left (resp. right) annihilator of A will be denoted by l R (A) (resp. r R (A)). Recall that an ideal P of R is completely prime if ab ∈ P implies a ∈ P or b ∈ P for a, b ∈ R. Let R be a ring, α an endomorphism of R and δ an α-derivation of R. Recall that an ideal I of R is called an α-ideal if α(I) ⊆ I, I is called α-invariant if α −1 (I) = I and I is called δ-ideal if δ(I) ⊆ I. If I is an α-ideal and δ-ideal we say I is an (α, δ)-ideal. Note that if I is an (α, δ)-ideal, thenᾱ : R/I −→ R/I defined bȳ α(a + I) = α(a) + I for a ∈ R is an endomorphism of the factor ring R/I and δ : R/I −→ R/I defined byδ(a + I) = δ(a) + I is anᾱ-derivation of R/I. Proof. We apply the method of Frohn [5, Theorem 4 .1] to prove this theorem. For each f ∈ S = R[x; α, δ] let I f be the set of the leading coefficients of elements of the ideal Sf S, together with 0. It is easy to see that I f is an ideal of R. Assume at the contrary that there exists a nonstabilizing chain of principal right ideals of S. So the set M = {l R ( i≥1 I gi )|g 1 S ⊆ g 2 S ⊆ · · · is a nonstabilizing chain of principal right ideal in S } is nonempty. Since R is α-rigid, R is reduced and so it is easy to see that since R satisfies the ACC on right annihilators, R satisfies the ACC on left annihilators. Thus M has a maximal element. Let P = l R ( i≥1 I fi ) be a maximal element of M , where f 1 S ⊆ f 2 S ⊆ · · · is a nonstabilizing chain in S. We show that P is a completely prime ideal of R. Assume that a, b ∈ R\P and ab ∈ P . Since R is α-rigid, by using Lemma 3.2 we can see that a ∈ l R ( i≥1 I bfi ). Also we have P ⊆ l R ( i≥1 I bfi ). So the chain bf 1 S ⊆ bf 2 S ⊆ · · · stabilizes. Then there exists a positive integer t such that for each n ≥ t, bf n+1 = bf n h n for some h n ∈ S. For each positive integer n, there exists g n ∈ S such that f n = f n+1 g n . Thus for each n ≥ t, bf n+1 (1 − g n h n ) = 0. Let q i = f i (1 − g i−1 h i−1 ), for each i > t. Since R is reduced, b ∈ l R ( i I qi ) and P ⊆ l R ( i I qi ). Then the chain q 1 S ⊆ q 2 S ⊆ · · · stabilizes. Thus there exists a positive integer t such that for each m ≥ t ,
Thus we have the contradiction f m+1 ∈ f m S. So P is a completely prime ideal of R. Since R is α-rigid and P = l R ( i≥1 I fi ), by using Lemma 3.2 it is easy to see that P is an α-invariant, δ-ideal. Now let T = (R/P )[x;ᾱ,δ]. Since R is ACCPR and P is a completely prime ideal of R, by Lemma 3.3, R/P is an ACCPR-domain. Thus T is an ACCPR-domain by Theorem 2.4. For each positive integer i, f i = f i+1 g i , where f = (a 0 +P )+(a 1 +P )x+· · ·+(a n +P )x n ∈ T , for each f = a 0 +a 1 x+· · ·+a n x n ∈ S. If f i = 0 for some i, then the leading coefficient a of f , a ∈ P = l R ( i≥1 I fi ). Thus a 2 = 0 and since R is reduced, a = 0, which is a contradiction. So for each i, f i = 0 and so g i = 0. By Proposition 2.1, there exists a positive integer s such that for each m ≥ s, g m is invertible in T . Then there is a h ∈ T such that g m h = hg m = 1. g m h − 1 = 0 and so for each coefficient b of the polynomial g m h − 1, b ∈ P . We claim that f m+1 (g m h − 1) = 0. Assume that f m+1 = a 0 + a 1 x + · · · + a t x t . For any coefficient b of g m h − 1, ba t = 0 and since R is reduced, a t b = 0. By Lemma 3.2 a t x t b = 0 and so
and so a t−1 α t−1 (b) ∈ I fm+1 . Thus ba t−1 α t−1 (b) = 0 and since R is reduced, a t−1 α t−1 (b)b = 0. So by Lemma 3.2, a t−1 b 2 = 0 and since R is reduced, a t−1 b = 0. Thus a t−1 x t−1 b = 0. Continuing in this way we have a i x i b = 0 for each 0 ≤ i ≤ t and so f m+1 b = 0. Thus f m+1 (g m h − 1) = 0 and so f m+1 = f m+1 g m h = f m h. Then the chain f 1 S ⊆ f 2 S ⊆ · · · stabilizes, which is a contradiction.
In the following example we show that the α-rigid condition and the ascending chain condition on right annihilators are not superfluous in Theorem 3.4.
Example 3.5.
(1) ( [7, Example] ) Let k be a field and A 1 , A 2 , · · · be indeterminates over k, and set
Denote by a n the image of A n in S and by R the localization of S at the ideal (a 1 , a 2 , · · · )S. Note that S is a limit of the rings S n where
Heinzer and Lantz in [7] proved that R satisfies ACCP but the ring R[x], does not satisfy ACCP. Note that in S we have a
Thus S is not reduced and since R contains (an isomorphic copy of) S (see [7] ), R is not reduced. So the α-rigid condition in Theorem 3.4 is not superfluous.
(2) ([5, Remark after Lemma 4.3]) Let K be a field and
and S := K[A]/I. Denote by a n the image of A n in S and by R the localization of S at the ideal (a 1 , a 2 , · · · )S. Frohn in [5] proved that R is a reduced ACCP ring while R[x] is not. So the condition "ACC on right annihilators" in Theorem 3.4 is not superfluous. Corollary 3.7. Let R be an ACCPR (resp. ACCPL) ring,
be an iterated skew polynomial ring, where each α i is a rigid automorphism of the ring R[
. If R satisfies the ACC on right (resp. left) annihilators, then S is an ACCPR (resp. ACCPL) ring. A commutative ring R is called présimplifiable if for each a, b ∈ R, ab = a implies a = 0 or b is a unit. A présimplifiable ring is a ring with zero divisors which is nearly an integral domain. Theorem 3.10. Let R be a commutative présimplifiable ring and α an automorphism of R. Then the following are equivalent:
(1) R is an ACCP ring. We can simplify by a convenient power of x, and suppose that f i (0) = 0 for each i. We obtain the sequence of non zero principal ideals of R, (f 1 (0)) ⊆ (f 2 (0)) ⊆ (f 3 (0)) ⊆ · · · . Since R is an ACCP-ring, there exists a positive integer k such that for each n ≥ k, (f k (0)) = (f n (0)). But for each n ≥ k, there exists g n ∈ T such that f k = f n g n , so f k (0) = f n (0)g n (0). Also there exists an element r ∈ R such that f n (0) = f k (0)r. Thus f k (0) = f n (0)g n (0) = f k (0)rg n (0) and since R is présimplifiable and f k (0) = 0, rg n (0) is a unit element of R. Thus g n (0) is a unit element of R and so g n is a unit element of T . Thus f n = f k g −1 n for n ≥ k and so the chain f 1 T ⊆ f 2 T ⊆ · · · stabilizes. (2) ⇒ (1) Assume that T = R[[x; α]] is an ACCPR-ring and let (r 1 ) ⊆ (r 2 ) ⊆ · · · be a chain of principal ideals of R. We obtain the chain r 1 T ⊆ r 2 T ⊆ · · · in T . But T satisfies ACCPR, so there exists a positive integer k such that for each n ≥ k, we have r n T = r k T , which implies that (r n ) = (r k ). ACKNOWLEDGEMENT. The author would like to thank the Banach Algebra Center of Excellence for Mathematics, University of Isfahan. Special thanks are due to the referee who read this paper very carefully and made many useful suggestions.
